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Emergence of Three-Dimensional Separation over a Suddenly
Started Prolate Spheroid at Incidence

Tzuyin Wu* and Shan-Fu Shent
Cornell University, Ithaca, New York 14853

By using a recently developed Eulerian program, the process toward three-dimensional separation is investi-
gated through a numerical study of the laminar boundary layer over an impulsively started prolate spheroid.
Details of the displacement-velocity distribution as well as the streamlines pattern near separation are examined
and discussed. From the Lagrangian viewpoint, separation shows up, physically, as an abrupt eruption of a
certain fluid packet that becomes deformed into one with zero thickness in the streamwise direction. In the
present case the computed results suggest that this eruption, identified as a rapidly growing local thickness of
boundary layer, first occurs at a point in the symmetry plane and then spreads in the crosswise direction.
Figuratively, the boundary layer at separation would develop into a crescent-shaped mountain ridge thrusting
itself into the main stream.The present findings are consistent with the features of incipient separation deduced
from the Lagrangian analysis.

Nomenclature
e = eccentricity of spheriod
/*i, h2 = metric coefficients
p = pressure
5 = transformed coordinate defined in Eq. (4)
t = time
t/c = axes ratio
Ue = value of u at the edge of the boundary layer
u = velocity component in the x direction
Ve = value of v at the edge of the boundary layer
^o> ^90 = constants in the velocity distribution at the edge

of the boundary layer
v = velocity component in the y direction
w = velocity component in the z direction
x = streamwise coordinate along the major axis of the

prolate spheriod
y = circumferential coordinate
z = boundary-layer coordinate normal to the x and y

directions
a = angle of attack
a, ft 7 = computational coordinates
A = indicates difference; also displacement thickness
6 = difference operator in finite difference equations
/x = average operator in finite difference equations
T = wall shear

Subscripts
w = wall
x, y, z = components in the x, y, and z directions,

respectively
= derivatives

Superscripts
- nth time level in the finite difference equations
= quantities in the nose region
= quantities in the tail region
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Introduction

W ITH the fast growth of today's computing power, com-
plete Navier-Stokes equations can now be solved nu-

merically for moderate Reynolds number cases in a reasonable
amount of computing time. On the other hand, many interest-
ing yet perplexing problems associated with the high-Rey-
nolds-number limit are still challenges to fluid mechanists. For
instance, separation of the boundary layer under unsteady
conditions has been controversial for quite some time. Recent
studies and growing interest on this subject appear now to lead
to some consensus. A prominent feature of unsteady separa-
tion is that it starts with an abrupt "eruption" of the
boundary layer that ejects vorticity into the main stream. The
classical and fundamental way of treating the separation prob-
lem is by means of the boundary-layer equations. From a
practical viewpoint the sudden eruption is the manifestation of
"singularity," a mathematical consequence resulting from the
boundary-layer approximation that ignores any interaction.
Many different studies1"4 have established that the unsteady
boundary-layer equations will turn singular in finite time.

The Lagrangian interpretation of unsteady separation, ac-
cording to van Dommelen and Shen,1'2 is that a certain fluid
packet gets to be squeezed into one with zero thickness in the
streamwise direction. For the two-dimensional case the ex-
treme deformation of this packet would cause it to penetrate,
together with the boundary-layer material on top of it, into the
main stream and form a virtual barrier. In numerical compu-
tations of the boundary-layer equations, a conventional Eule-
rian scheme normally would not be able to give reliable an-
swers close to the eruption time because of the singularity. In
contrast, the Lagrangian criterion pinpoints the singularity
and settles the controversy. However, the Lagrangian scheme,
although advantageous in depicting separation, suffers, in
actual computation, from the severe grid-distortion problem
and the clumsy viscous terms. While with care, the unsteady
Eulerian boundary-layer calculation could be made (e.g., in
Wu and Shen5) to display the important characteristic growth
near separation in the form of a "spike" similar to that from
the Lagrangian result of Shen and Wu.6

The formation of the boundary-layer separation in a three-
dimensional flow is still more complicated. The underlying
mechanism of initiating separation through the singular defor-
mation of a fluid packet, now augmented with another dimen-
sion, should, in principle, be unchanged. Earlier, a qualitative
description of features of three-dimensional separation from a
Lagrangian view was outlined by Shen,7 and a thorough anal-
ysis has been recently presented by van Dommelen and Cow-
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ley.8 The latter deduced that the asymptotic structure of the
singularity at separation is quasi-two-dimensional, with a
rapidly rising displacement thickness in the form of a crescent-
shaped ridge.

To study the details of the process that leads to separation
on specific bodies and to attempt to control and influence the
process, we have devised an Eulerian calculation that can
diagnose the singularity without the inconveniences of the
more precise Lagrangian simulation. Unlike most of the three-
dimensional Eulerian codes, the present formulation is a time-
accurate initial-value problem approach. Specification of a
starting velocity profile needed to initiate the spatial integra-
tion in the conventional marching scheme is not required here;
therefore, more general flows can be calculated. To cope with
the inherent geometric singularity for three-dimensional bod-
ies, we use a multizone technique. The boundary layer along
the symmetry plane of a slender prolate spheroid undergoing
an impulsive startup motion has been examined by Wu and
Shen5 as the first phase of a fully three-dimensional calcula-
tion. The spike signature in the displacement thickness was
indeed captured. Several critical features in conjunction with
the Lagrangian concept of separation were also discussed. The
same problem was studied earlier by Xu and Wang.9 However,
confirmation of the singular features near separation was not
part of their calculation.

In this paper, solutions over the entire surface of a prolate
spheroid impulsively started from rest at both small and large
incidences are presented. The steady-state version of the prob-
lem has been considered by many investigators.10"19 In the
steady case the limiting streamlines were traditionally used to
define separation patterns in three-dimensional flows. Among
the most notable consequences from these studies is perhaps
the classification of closed- vs open-type separation suggested
by Wang.11"15 In his terminology convergence of the limiting
streamlines defines the separation line on the surface. How-
ever, for the unsteady case it is now beyond dispute that
separation starts off the wall. The skin friction and hence the
wall streamlines have no direct significance, strictly speaking,
in indicating separation. In the following, evolution of the
limiting streamlines is also demonstrated, but the instanta-
neous pattern does not relate to separation that is diagnosed
from a sudden eruption of boundary layer. Distributions of
the displacement velocity in the tail region are also shown in
detail, and the crescent structure at separation deduced
asymptotically by van Dommelen and Cowley8 is indeed con-
firmed. This development of a singular displacement velocity,
key to the Lagrangian description of separation, was not
provided by Ragab20 in a previous calculation.

Governing Equations
Figure 1 illustrates the geometry and the boundary-layer

coordinates of the prolate spheroid under consideration. In
terms of this body-fitted coordinate system, the nondimen-
sional forms of the boundary-layer equations are17

du dv
h2— + hi-—

dx ay
dw dh

+ h\h2— + u
dz dx

= 0 (1)

du_ u_ du_ v du
dt hi dx h2 dy

y=

du vv dh2 _ - 1 dp d2u
t—— — ——— —— __ —— _j_ _ {£)
dz h\h2 dx h\ dx dz

+1

y = 0

Fig. 1 Geometry and coordinate system.

Fig. 2 Multiple zones.

Fig. 3 Geometrical interpretation of the transformed coordinate
system.

uv d2v

where hi and h2 are defined as

e2)(l - x2)

Equations (1-3) have been properly scaled with the freestream
velocity and the half-chord length of the prolate spheroid. The
Reynolds number Re, as usual, was incorporated into the
transverse coordinate z and velocity w. Based on the velocity
profiles u and v, the skin friction and the displacement thick-
ness are evaluated by

dv

A, = dz

The velocities at the outer edge of the boundary layer ap-
proach the values specified by the potential flow17:

1
- 2 2 l / 2e2x2)l/ K0(l - *2)'/2 cos a

-X sin a cos y
c J

and

v = Ve = F90 sin a sin y

as z —- °°, where

2K 0 -1
2e 1 -e

These velocities must then be brought to nil at the wall by
viscous action. The pressure gradients (- \/hi)(dp/dx) and
(- l/h2)(dp/dy) in the momentum equations (2) and (3) are



WU AND SHEN: THREE-DIMENSIONAL SEPARATION 2709

thus evaluated in terms of the freestream velocities Ue and Ve
according to the inviscid Euler equations. The initial profiles
needed to trigger the time integration after an impulsive
startup are obtained from the Rayleigh solution.

When describing a closed object, a "geometric singularity"
will be encountered if a single set of body-oriented coordinates
is used.21 In the present formulation, h\ and h2 become singu-
lar at both x - -1 and x = 1. Our remedy is to split the
prolate spheroid into several regions (multizone approach)
and apply a different coordinate system in both the nose and
tail regions (Figs. 2 and 3). A transformation that removes this
geometric singularity was proposed by Cebeci et al.21 Define

dS h dx

with S = 0 at x = - 1. It follows that

S = B exp

(4)

where A and B are mapping constants. With transformation
(4) and letting

x = S cos y u = u cos y + v sin y

y = S sin y v = - u sin y 4- v cos y

boundary conditions on the interface of a specific region are
obtained from interpolating the interior solution of the neigh-
boring region. The strategy has been proven to be successful in
the previous symmetry-plane calculation. Detailed results can
be found in Ref. 22.

Unlike the conventional space-marching technique, we for-
mulate strictly an initial-value problem in which integration of
the boundary-layer equations marches in the timewise direc-
tion only. At each time step, a central difference is used to
discretize the diffusion terms, whereas a flow-dependent, sec-
ond-order upwind differencing scheme is applied to the con-
vection terms in accordance with their hyperbolic nature.
Thus, the domain of dependence rule16'23 is satisfied. In treat-
ing the nonlinear terms, a noniterative predictor-corrector
formulation of Douglas and Jones24 is adopted. That is, be-
tween two successive time steps n and n + 1, predicted values
are first evaluated at n + Vi by a first-order scheme, and all of
the nonlinear coefficients in the subsequent correction step are
then replaced by these predicted quantities. In both predictor
and corrector steps the governing equations are decoupled and
hence can be solved independently. A fully implicit scheme is
preferred in solving the predictor values for stability consider-
ation. Second-order accuracy in temporal difference can be
restored by following a Crank-Nicolson-like corrector step.

Applying the preceding discretization procedures to the mo-
mentum equations (2) and (3), the resulting finite difference
equations for the corrector step are, in the computational
space (a, 7, 0),

(5)

Equations (1-3) then become

1/dfi dv\ aw _
T ( TT + — ) + TT - R (xu + y v) = 0h\dx dy/ dz (6)

du u du v du du - -I dp d2u
—— + -r —— + - —— + W—— + Rv(XV - yu) = -T -̂ —— + ——- (1)
dt h dx h dy dz h dx dz2

av u dv v av
dt h dx h dy

where

dv -I dp 82v^r~^ + -^-2h dy dz

Geometrically, Eqs. (4) and (5) may be interpreted as pro-
jecting the nose part of the prolate spheroid onto a vertical
plane, and a set of Cartesian grids (x, y) is then drawn on that
plane (Fig. 3). In the limiting case, a sphere (e =0), the
transformation procedure reduces to exactly a stereograph
projection. The same treatment is applied to the rear end
x= +1.

Numerical Method
The numerical procedures closely follow those given by Wu

and Shen,5 with only a minor modification to cope with the
extra direction introduced here. For completeness, a brief
description of the solution scheme is stated as follows.

In the present multizone scheme the solution domain is
decomposed into three regions, as shown in Fig. 2, in such a
way that adjacent regions overlap with each other. Geometric
singularities are properly removed by applying the trans-
formed coordinates system described in the last section to the
nose and tail regions. Each physical region (x, y, z) is mapped
to a unit box (a, 7, /3) by using appropriate mapping functions
(see, e.g., Wu.22). The governing equations in these computa-
tional coordinates are then discretized. Calculations are per-
formed separately in different regions, and the required

-At dp Atvn+l/2vn+l/2 dh2

(R R R w
(9)

2A/3
(10)

where

= u

and &9X, y,y, 0,,, /3,z, and (3,zz denote the derivatives of the
corresponding mapping functions. The difference operators
used are defined as follows:

= (•)/+ * - (O/- > d2 = (•)/+ ./2 - 2(-)/ + (•)/- i
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6+ ̂  [3(0, -4(0/_ ! + (•)/ -2]

For direct solving of the preceding finite difference equa-
tions, one will need to invert a large matrix with blocklike
entries. To cut down the computational work, Eqs. (9) and
(10) are factored into three sweeps according to the approxi-
mate factorization procedure of Warming and Beam.25 Each
sweep now involves solving a relatively smaller system of
algebraic equations with a scalar tridiagonal or pentadiagonal
coefficient matrix only:

Afffi
" 2A/32 OR -

- 0., -
4A/3 Au1

= RHS of Eq. (9)

Both matrices can be easily inverted by efficient tridiagonal
and pentadiagonal solvers. With u and v obtained, the normal
velocity w is then updated from integrating the continuity
equation (1) by Simpson's rule.

Similar numerical procedure are used to discretize the trans-
formed equations in the nose and tail regions. Their final
forms are omitted here.

Results and Discussion
Calculations were carried out for a prolate spheroid of axes

ratio l/4 at both small (6 deg) and large (50 deg) incidences.
Because of the symmetry property, only half of the body was
considered. Prior to the full-scale computation, the accuracy
of the numerical scheme, assessed from a grid refinement
strategy, was investigated. In the final production runs, typi-
cal mesh sizes used in the calculations were 50 x 25 x 121 for
the nose region, 61 x 81 x 121 in the main body, and
100 x 50 x 121 for the tail region. Numerals associated with
the grid refer to the number of grid points in the x, y, and z
directions, respectively. All of the numerical computations
were performed on Cornell's IBM 3090-600J supercomputer
under vector mode. Normally, the required CPU time for
advancing one time step (double-precision arithmetic) was
~ 0.1 /*s per grid point for most of the cases. The next section
provides a brief discussion on the numerical accuracy. Then
computed results at two different incidences, a = 6 and 50
deg, are given. Emphasis will be placed on the initiation of
separation evidenced by the emergence of a Lagrangian singu-
larity in the flow.

Test of Accuracy
The zero-degree incidence case is calculated here as a bench

test of the present numerical scheme. The accuracy of the
calculation is evaluated by examining the effect of grid refine-
ment on the value of wall shear at the front stagnation point.
The steady solution of the three-dimensional stagnation flow
has been obtained by Howarth26 in terms of a power series
expansion. In the present formulation the derivative of the
wall shear at the forward stagnation point is calculated by

,3/2TO = (Ti,x/h)/(Uej/h)

where the term (Uej/Rf/2 is incorporated as a scaling factor so
that the steady-state value of TO is equivalent to the /"(O)
defined by Howarth.26 For the axisymmetric case,
/"(0) = 1.312.

Figure 4 shows the temporal evolution of TO. It is observed
that shortly after the impulsive startup the wall shear at the

front stagnation point quickly reaches a steady value. Table 1
lists the values of TO at t = 0.2 calculated at three successively
finer meshes with time step At ranging equally from 0.02 to
0.005. All three results appear to be quite close to the steady-
state value of 1.312 obtained by Howarth.26 Using the
Richardson extrapolation procedure (RE), the last row of the
table contains the extrapolated value of TO from the aforemen-
tioned three different meshes. Taking this value as an exact
solution, errors in TO associated with each grid size are listed in
the last column. Quadratic convergency is evident. Although
linearized von Neumann stability analysis predicts that the
three-dimensional version of the approximate factorization
scheme is only conditionally stable, in the present predictor-
corrector formulation, no instability was encountered when
the calculations were performed on the three preceding meshes.

At a = 0 deg, every meridian plane that cuts through the
prolate spheroid is necessarily a symmetry plane in this special
case. The separation history of the boundary layer on the
symmetry plane has been described in Ref. 5. No further
results will be given here.

Displacement Velocity
In the previous symmetry plane results,5 separation was

diagnosed from the occurrence of a "spike signature" in the
distribution of stream wise displacement thickness. In a three-
dimensional flow neither of the displacement thicknesses A*
and Ay9 which are defined in terms of the two velocity compo-
nents u and v , truly represents the effective thickening of the
body due to the boundary layer.27 However, it is this thicken-
ing action of the boundary layer that drives the perturbation
to the outer flow and changes it significantly as separation is
approached. To perceive the separation process, we thus
choose to look in the tail region at the evolution of the dis-
placement velocity ww at the outer edge of the boundary layer.

The displacement velocity, in terms of our present trans-
formed coordinates, has the following form:

| o 1 O

By definition, the displacement velocity measures the differ-
ence between viscous transverse velocity and its inviscid coun-
terpart at the outer edge of the boundary layer. In the concept
of matched asymptotic expansions, it then describes how the
inner viscous layer is matched with the outer inviscid flow.
Asymptotically, this term should remain on the order of one

Table 1 Effects of grid refinement on the value
of skin friction at the stagnation point

Grid size Error
30 x 15x31
60 x 30 x 61
120 x 60 X 121
RE

1.305591
1.310520
1.311590
1.311932

0.006341
0.001412
0.000342

2.2

2.0-

1.8-

1.6-

1.4-

1.2
n a a a a D D D

0.00 0.05 0.10 0.15 0.20 0.25
t

Fig. 4 Temporal evolution of TO (grid size 120 x 60 x 121), ——
steady-state value of Howarth.
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lee side y
symmetry plane

windward side
symmetry plane

b) "-
Fig. 5 Distribution of the displacement velocity in the tail region
(a = 6 deg): a) t = 0.17; b) t = 0.19.

and then curve toward the leeside of the symmetry plane in the
form of a crescent-shaped ridge. As a consequence of this
strong blowing effect, the boundary-layer material constructs
a closed front normal to the direction of the local streamlines,
much like a virtual barrier, obviously impenetrable to the
oncoming flow inside the boundary layer. The flow must then
eject itself vertically into the freestream.

The distribution of the displacement velocity in the tail
region for the 50-deg incidence case is given in Fig. 6. As in the
preceding case, at / = 0.11, it is seen that close to the rear end
of the spheroid contours of the displacement velocity rapidly
evolve into an elongated kidney-shaped mountain ridge, with
a sharp gradient in the streamwise direction while descending
away from the symmetry plane in a somewhat milder manner.
Establishment of these striplike contours substantiates the
result of the asymptotic analysis of van Dommelen and Cow-
ley8 that the structure of singularity just prior to separation is
quasi-two-dimensional, with a streamwise length scale much
shorter than that in the crosswise direction. In fact, the ap-
pearance of contours of boundary-layer thickness conjectured
by van Dommelen and Cowley (Fig. 2c in Ref. 8) is very
similar to what we have obtained in the displacement-velocity
distribution here (Fig. 6b).

The singular behavior of the boundary layer is more con-
vincingly demonstrated in Fig. 7, where the distributions of ww
at / = 0.09 and 0.11 are displayed in three-dimensional surface
plots. It is observed that, beginning at t — 0.09, a hump is

lee side y T ~ windward side
symmetry plane symmetry plane

b)

Fig. 6 Distribution of the displacement velocity in the tail region
(a = 50 deg): a) t = 0.09; b) t = 0.11.

for the boundary layer assumption to be valid. The signifi-
cance of this term is also found in the classical viscous-inviscid
interaction theory, since it reflects the displacing effect of the
viscous action through which the boundary layer would inter-
act with the outer main stream.

Figure 5 shows the contour plots of the distribution of
displacement velocity ww in the tail region for the 6-deg inci-
dence case. In the axisymmetric case these contour lines would
necessarily appear as concentric circles centered at the rear end
point when looking toward the prolate spheroid along the
axial direction. Because of the presence of a small angle of
attack, the symmetry is destroyed. Strong displacement veloc-
ity is found to evolve first at the windward symmetry plane

Fig. 7 Perspective view of the distribution of the displacement veloc-
ity in the tail region (a = 50 deg): a) t = 0.09; b) t = 0.11.
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windward side
symmetry plane

Fig. 8 Limiting streamlines in the tail region (d = 6 deg): a) t = 0.05;
b) t = 0.19.

windward side
symmetry plane

Fig. 9 Limiting streamlines in the tail region (a = 50 deg): a)
t = 0.04; b) t = 0.05; c) t = 0.06.

formed near the rear vertex. Strong vertical ejection in ww
occurs between t =0.09 and 0.11, clearly incongruous with
the order one assumption made in the boundary-layer approx-
imation. The emergence of separation is then evidenced as a
sudden burst of the boundary-layer flow into a narrow plume
penetrating into the main stream.

In Fig. 5 it can be seen that a deep well of negative displace-
ment velocity appears in the vicinity of the rear stagnation
point. A large negative value of ww indicates a strong suction
effect due to the reversal of the flow along the rear stagnation
line. A similar phenomenon is also present in the two-dimen-
sional case. Its existence seems to have been overlooked be-
fore.

Limiting Streamlines
In the past the limiting streamlines have been extensively

used in defining and classifying separation in three-dimen-
sional flows. From the Lagrangian descriptions of Shen7 and
van Dommelen and Cowley,8 separation is depicted as forma-
tion of a "front" by the particle paths due to the singular
contraction of a fluid element along its trajectory. For the
steady problem involving a fixed wall, limiting streamlines
coincide with the particle paths. Convergence of limiting
streamlines should have an important consequence in identify-
ing steady separation.7 In an unsteady flow, separation gener-
ally results from the motion of particles away from the wall.
The limiting streamlines, which describe the flow development
only close to the surface, do not seem to provide critical
information that can be strictly correlated to the evolving
unsteady separation off the wall.

Evolution of the limiting streamlines in the tail region is
shown in Fig. 8 for a = 6 deg. Shortly after the spheroid is set
into motion, a closed bubble containing recirculating flow is
formed in the tail region. Because of the slight asymmetry, the
limiting streamline enclosing the reversed flow region is seen
to emanate from the leeside symmetry plane and then circle
back to merge into the symmetry plane again at the windward
side. This is obviously what was originally described by
Lighthill28 as a classical example of "steady separation," in
which streamlines leave the surface along the two separatrices
of a saddle point that, after embracing the body, merge into a
nodal point. It has also been classified as a "type I separa-
tion" in the topological study of steady limiting streamline
patterns due to Chapman.29 The size of this recirculation
region increases with time, but the bubble remains closed
(Figs. 8a and 8b). However, according to the steady-state
calculation of Cebeci and Su,30 the bubble will eventually open
from the leeside and the merging of limiting streamlines will
then change, in the terminology of Wang,n~15 to an open type.

The limiting streamline pattern for a. = 50 deg appears to be
somewhat more complicated than that for the 6-deg incidence
case. Starting from t =0.04, a closed recirculation region of
the instantaneous streamlines is formed (Fig. 9). The limiting
streamline forming the boundary of the bubble emerges from
the symmetry plane at a point near the end of the spheroid and
turns back to intersect the symmetry plane again at a point on
leeside (at the far left corner of Fig. 9, outside the tail region).
The bubble is open from the leeward symmetry plane at
t =0.06 (Fig. 9c), and the pattern of limiting streamlines
changes from closed to open type and stays open thereafter. It
is also found that the limiting streamlines near the rear end
now merge toward the symmetry plane instead of away from
it as previously noted. Note that these open and closed pat-
terns occur while the boundary layer is behaving normally,
and is therefore unseparated.

Limiting streamlines in the main body region are shown in
Fig. 10. In these plots the surface of the prolate spheroid is
unwrapped into a rectangular sheet. The rear stagnation point
is located near the upper right corner of the domain where part
of the aforementioned recirculating flow is observed in Fig.
lOa. At small time, most of the limiting streamlines in the
main region run from the windward symmetry plane to the
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leeside symmetry plane. The opening of the recirculation re-
gion from the leeside symmetry plane is clearly seen at t = 0.06
in Fig. lOa. At the same time, the reversal of the crossflow
near the leeside symmetry plane is also observed to gradually
extend toward the upstream direction. At approximately
/ = 0.08, another region of circumferentially reversed flow is
formed near the front end of the leeward symmetry plane (Fig.
lOb). In contrast to the one near the rear stagnation point, this
region grows rapidly downstream. As a result, a second open-
type convergence of limiting streamlines evolves at the front.
In Fig. lOc the two areas where limiting streamlines merge
together are seen to connect with each other at t = 0.11, by
which time almost all of the limiting streamlines near the
entire leeward symmetry plane have reversed their directions
(i.e., are flowing away from the symmetry plane).

The appearance of these closed or open types of limiting
streamline patterns is apparently the consequence of flow
reversals in the stream wise and circumferential directions.
However, these interesting features emerge while the bound-
ary layer is yet to develop any evidence of anomalous behav-
ior. A drastic local thickening of the boundary layer was not
found, at least before t =0.11. The notion of relating the
emergence of a specific limiting streamline pattern to the onset
of unsteady separation is thus untenable.

Instantaneous Streamlines
Although the role of limiting streamlines over the body

surface may be inconclusive, the critical features of unsteady
separation can be seen from the developing streamline pattern
"away" from the wall. In Fig. 11 the instantaneous distribu-
tions of streamlines in the symmetry plane (y = 0) of the tail
region are shown at t = 0.19 and 0.21 for a = 6 deg. The
streamlines are generated by marching in the symmetry plane
along a path tangent to the projection of local velocity:

dz w
dx u

Two familiar vortices are observed to evolve near the rear
stagnation point, in a slightly asymmetrical pattern because of
the small angle of attack. At / = 0.19, the vortex at leeside
remains regular, whereas near the vortex at the windward side
the streamlines develop a spike signature similar to that previ-
ously found in the displacement thickness, indicating that
separation first occurs from the windward symmetry plane.
The formation of this spike structure is clearly associated with
the singular deformation of the nearby fluid elements. Of
course, in unsteady flows, streamlines do not coincide with
particle paths; thus, we do not actually "see" the fluid ele-
ments from the distribution of instantaneous streamlines.
Nevertheless, large values of the local transverse velocity w
resulting from the severe contraction of fluid elements in the
streamwise direction are manifested by an extreme clustering
of the streamlines in a narrow spikelike region.

Figure 12 presents the instantaneous streamlines in the sym-
metry plane for the 50-deg incidence case. In this plot the
freestream is flowing from right to left. Again, at f = 0.11, it
is observed that, just inside the boundary of the vortex, a spike
structure is established. A strong eruption of the boundary-
layer flow is evident as this peaking phenomenon in the
streamlines distribution becomes more pronounced at
t = 0.12. The resulting flow pictures exhibited here are indeed
consistent with the Lagrangian description of the separation
process.

Singularity
According to the Lagrangian analysis of van Dommelen and

Cowley,8 the asymptotic structure of the singularity at separa-
tion in the present three-dimensional problem is one in which,
close to the separation time ts, the transverse displacement z of
a certain fluid particle blows up as (ts - t)~l/4 within a rela-
tively thin strip of scales '\xs - x I ~ (ts — t)3/2, \ys - y I ~
(ts - t)l/2. However, such a singularity is difficult to detect

0.98

Fig. 10 Limiting streamlines in the main-body region (a = 50 deg):
a) t = 0.06; b) t = 0.08; c) t = 0.11.

a) lee side windward side

Fig. 11 Instantaneous streamlines in the symmetry plane of tail re-
gion (a = 6 deg): a) t = 0.19; b) t = 0.21.
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Fig. 12 Instantaneous streamlines in the symmetry plane of tail re-
gion (a = 50 deg): a) t = 0.11; b) t = 0.12.
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Fig. 13 Inverse of max ww vs t.

because in the Eulerian formulation the transverse coordinate
z is one of the independent variables. As suggested by Cow-
ley,3 the displacement velocity ww is expected to grow more
rapidly than the displacement thickness when separation
draws near. Consequently, ww serves as a good indicator of
the presence of any singularity. In fact, from the definition of
the displacement velocity [Eq. (11)] and using the aforemen-
tioned scaling as a guide, it is found that, to leading order
approximation, the displacement velocity exhibits a much
stronger singularity (ts - t)~1/4 at separation.

Quantitatively, the maximum value of ww obtained from the
present computation is plotted against time t in Fig. 13 for
a. = 50 deg. Because of the resolution problem, a singularity
can, strictly speaking, never be truly identified from Eulerian
numerical calculations. However, the tendency toward the
formation of a singularity can be justified by the following
assessment.

Assuming that near ts the maximum ww does grow accord-
ing to (ts - 0~7/4» then (max ww)~4/1 should approach zero
linearly in (ts - t). The variation of (max w^)"477 with time t
is shown in Fig. 14. The correlation coefficient (R2) of the
linear fitting is 0.999 in this case, indicating that the data do
collapse onto a straight line. Linear extrapolation of the result
estimates the separation time ts to be 0.118. Using this ts, the
maximum value of &i(Ww) is plotted as a function of %n(ts - t)
in Fig. 15. Least-squares fitting of the data with a linear model

shows that the straight line has a slope of - 1.745, which is in
good agreement with the analytical prediction (-7/4). The
present numerical result thus lends support to the asymptotic
theory of the singularity as described by van Dommelen and
Cowley.8

Concluding Remarks
Unsteady boundary-layer separation has been controversial

for some time. Increasing studies on this subject have led to a
better understanding about the mechanism that initiates sepa-
ration. Physically, separation in both the steady and unsteady
cases has been identified to be resulting from the extreme
streamwise contraction of a certain fluid packet inside the
boundary layer, thus forcing the fluid above it to be ejected
into the main stream. Traditional analyses focusing on the
wall shear and limiting streamlines, although valuable for the
steady problem, are not strictly applicable for the unsteady
case.

The unsteady three-dimensional boundary-layer equations
have been solved in the literature mostly by a marching proce-
dure adapted from that developed for the steady boundary
layer, and naturally some difficulties arise. In this paper it is
properly posed as an initial-value problem in the Eulerian
coordinates. The solution technique uses a factorization
scheme with predictor-corrector formulation plus a multizone
approach. Calculations have been carried out for an impul-
sively started prolate spheroid of axes ratio of 1A at 6 and 50
deg incidences. In both cases separation is seen to initiate as a
strong bursting of the boundary layer in the form of a narrow
plume ejecting itself to the outer flow. Close to separation, the
lateral distribution of the displacement velocity widens into a
crescent shaped ridge predicted by van Dommelen and Cow-
ley.8 The instantaneous streamline pattern in the symmetry
plane reveals the anatomy of the sharp spike signature near
separation. The evolution of limiting streamlines in the tail
region shows both the open and closed types of convergence
patterns noted by Wang,n~15 but there seems to be no appar-
ent correlation with the initiation of the bursting at unsteady
separation. Results from a linear regression analysis of the
behavior of displacement velocity ww support the structure of
the singularity at separation as derived from the Lagrangian
theory of van Dommelen and Cowley.8
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The present Eulerian scheme produces results that can be
interpreted according to the Lagrangian concept of separa-
tion. In applications, it also enables us to look into questions
of if and how the three-dimensional separation is generated
and therefore how it may be influenced. Since an abrupt
explosion in the displacement velocity characterizes separa-
tion, simulation may be attempted to control and alter its
growth, e.g., by specifying different wall conditions to simu-
late the actions of actual moving surface or blowing/suction
devices. In principle, the consequences of changing the
parameters of a programmed distributed blowing or suction
along the surface can be readily calculated. Thus, a gateway is
open for further optimization.
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